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1. INTRODUCTION  
For given three foci (points) and three directrices (lines) in 
Euclidean plane, we consider the locus of points that satisfy the 
following equation: 
   ߙଵࡾ૚ ൅ ߙଶࡾ૛ ൅ ߙଷࡾ૜ ൅ ߚଵ࢘૚ ൅ ߚଶ࢘૛ ൅ ߚଷ࢘૜ ൌ ࣭      (1) 
where ࡾ࢏ is Euclidean distance from the point of locus to the ݅௧௛ focus, 
࢘࢐ is Euclidean distance from the point of locus to the ݆௧௛	directrix and 
ߙ௜, ߚ௝, ࣭߳Թ	ሺ݅, ݆ ൌ 1. .3ሻ. The main objective of this paper is to extract 
the conditions that enable correct algebraic transformations, which 
lead either to arcs or complete algebraic curves. The conditions 
formed in that manner determine the parts of the plane constrained by 
the algebraic equations of equal or lower order than the algebraic 
equations of type (1).  
The curves satisfying equation (1) are generalization of Weber's 
trifocal curves [7], (see also [6]), and trough this paper we will call 
them generalized Weber's curves. Generalized Weber’s curves allow 
also introduction of distance to directrix.   
2. SOME EXAMPLES OF THE GENERALIZES WEBER’S  CURVES           
2.1. Cone sections 
2.1.1. Parabola. Let the directrix be the line ݔ ൌ െ௣ଶ and let the 
focus be the point ܨ ቀ௣ଶ , 0ቁ, for the focal parameter 	݌ ൐ 0. Parabola is 
the locus of points that have the same distance from the directrix as 
the focus [8]; in other words:  
  		ࡾ૚ െ ࢘૚ ൌ 0,    (2) 
where ࡾ૚ is distance to focus and ࢘૚	distance to directrix. Equality (2) 
is equivalent to: 
                ටቀݔ െ ௣ଶቁ
ଶ ൅ ݕଶ ൌ ቚݔ ൅ ௣ଶቚ.   (3) 
Let us notice that ටቀݔ െ ௣ଶቁ
ଶ ൅ ݕଶ ൒ ቚݔ െ ௣ଶቚ ൌ െݔ ൅
௣
ଶ ൐ െݔ െ
௣
ଶ ൌ
ቚݔ ൅ ௣ଶቚ for ݔ ൏ െ
௣
ଶ. Therefore, the equality (3) can be considered only 
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for the half-plane ݔ ൒ െ௣ଶ , and in that case, by squaring the equality  
ටቀݔ െ ௣ଶቁ
ଶ ൅ ݕଶ ൌ ݔ ൅ ௣ଶ , we obtain the algebraic equation for parabola 
                                      ݕଶ ൌ 2݌ݔ.                                (4) 
Previously determined parabola is completely inside the half-plane 
ݔ ൒ െ௣ଶ			(Figure 1). 
       
Figure 1. Parabola 
 
2.1.2. Ellipse. Let ܨଵሺെܿ, 0ሻ and ܨଶሺܿ, 0ሻ be the foci, where 
ܿ ൌ √ܽଶ െ ܾଶ		 for ܽ ൒ ܾ ൐ 0.		The ellipse is the locus of points such that 
the sum of the distances to two foci is constant [8]; in other words: 
ࡾ૚ ൅ ࡾ૛ ൌ ࣭,    (5) 
where ࡾ૚ and ࡾ૛ are the distances to foci and ࣭ ൌ 2ܽ. Equality (5) is 
equivalent to: 
ඥሺݔ ൅ ܿሻଶ ൅ ݕଶ ൅ ඥሺݔ െ ܿሻଶ ൅ ݕଶ ൌ 2ܽ.   (6) 
By squaring equality (6) we obtain  
2ඥሺሺݔ ൅ ܿሻଶ ൅ ݕଶሻሺሺݔ െ ܿሻଶ ൅ ݕଶሻ 	ൌ 4ܽଶ െ 2ܿଶ െ 2ݔଶ െ 2ݕଶ. (7) 
The squaring is correct if 4ܽଶ െ 2ܿଶ െ 2ݔଶ െ 2ݕଶ ൒ 0, i.e.  
ݔଶ ൅ ݕଶ ൑ ܴଶ,    (8) 
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where ܴ ൌ √2ܽଶ െ ܿଶ ൌ √ܽଶ ൅ ܾଶ is a radius of the circumscribed circle 
of a tangent rectangle (Figure 2). All points of ellipse are in the 
interior area of the circle ݔଶ ൅ ݕଶ ൌ ܴଶ. By the second sqaring the 
equality (7) we obtain the canonical form of ellipse: 
                              ௫
మ
௔మ ൅
௬మ
௕మ ൌ 1.                                        (9) 
 
Figure 2. Ellipse 
 
2.1.3. Hyperbola. Let ܨଵሺെܿ, 0ሻ and ܨଶሺܿ, 0ሻ be the foci, where 
ܿ ൌ √ܽଶ ൅ ܾଶ		 for ܽ ൒ ܾ ൐ 0.		The hyperbola is the locus of points such 
that the absolute value of difference of the distances to two foci is 
constant [8]; in other words: 
|ࡾ૚ െ ࡾ૛| ൌ ࣭,    (10) 
where ࡾ૚ and ࡾ૛ are the distances to foci and ࣭ ൌ 2ܽ. Equality (10) is 
equivalent to: 
       ቚඥሺݔ ൅ ܿሻଶ ൅ ݕଶ െ ඥሺݔ െ ܿሻଶ ൅ ݕଶቚ ൌ 2ܽ.  (11) 
By squaring equality (11) we obtain   
2ඥሺሺݔ ൅ ܿሻଶ ൅ ݕଶሻሺሺݔ െ ܿሻଶ ൅ ݕଶሻ 	ൌ െ4ܽଶ ൅ 2ܿଶ ൅ 2ݔଶ ൅ 2ݕଶ.    (12) 
The squaring is correct if െ4ܽଶ ൅ 2ܿଶ ൅ 2ݔଶ ൅ 2ݕଶ ൒ 0, i.e. 
ݔଶ ൅ ݕଶ ൒ ܴଶ,    (13) 
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where ܴ ൌ √2ܽଶ െ ܿଶ ൌ √ܽଶ െ ܾଶ. Radius ܴ of the circle ݔଶ ൅ ݕଶ ൌ ܴଶ 
can be constructively determined from the tangent rectangle and 
ܴ ൏ ܽ holds (Figure 3). All points of hyperbola are in the exterior area 
of the circle ݔଶ ൅ ݕଶ ൌ ܴଶ. By the second sqaring the equality (12) we 
obtain the canonical form of hyperbola: 
                                         ௫
మ
௔మ െ
௬మ
௕మ ൌ 1.                           (14) 
 
Figure 3. Hyperbola 
 
 2.2. Cartesian Ovals 
Let ܨଵሺെܿ, 0ሻ and ܨଶሺܿ, 0ሻ be the foci, for ܿ ൐ 0. Cartesian ovals is 
locus of point satisfying: 
݉ࡾଵ േ ݊ࡾଶ ൌ ࣭,    (15) 
where ࡾ૚ and ࡾ૛ are distances to foci, ࣭ ൐ 0 and ݉, ݊ ∈ Գ, [8]. 
Equality (15) states:  
                          ݉ඥሺݔ െ ܿሻଶ ൅ ݕଶ േ ݊ඥሺݔ ൅ ܿሻଶ ൅ ݕଶ ൌ ࣭.               (16) 
By squaring previous equality we obtain  
േ2݉݊ඥሺሺݔ െ ܿሻଶ ൅ ݕଶሻሺሺݔ ൅ ܿሻଶ ൅ ݕଶሻ 	ൌ ࣭ଶ െ ሺ݉ଶ ൅ ݊ଶሻሺݔଶ ൅ ݕଶሻ 
     ൅2ܿሺ݉ଶ െ ݊ଶሻݔ െ ܿଶሺ݉ଶ ൅ ݊ଶሻ. (17) 
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Let us form a circle 
                               		ቀݔ െ ௖൫௠మି௡మ൯௠మା௡మ ቁ
ଶ
൅ ݕଶ ൌ ܴଶ																				             (18) 
with radius ܴ ൌ ଵ௠మା௡మ ඥ࣭ଶሺ݉ଶ ൅ ݊ଶሻ െ 4ܿଶ݉ଶ݊ଶ ൐ 0 for parameter 
࣭ ൐ ܿ ଶ௠௡√௠మା௡మ. There is two possible cases. 
1. Let us consider the operand plus ሺ൅ሻ in formula (15), i.e. a 
Cartesian oval ݉ࡾ૚ ൅ ݊ࡾ૛ ൌ ࣭. Then, the left side of equality (17) is 
positive and further squaring is correct if ࣭ଶ െ ሺ݉ଶ ൅ ݊ଶሻሺݔଶ ൅ ݕଶሻ ൅
2ܿሺ݉ଶ െ ݊ଶሻݔ െ ܿଶሺ݉ଶ ൅ ݊ଶሻ ൒ 0, i.e. for the interior points of the 
circle 
ቀݔ െ ௖൫௠మି௡మ൯௠మା௡మ ቁ
ଶ
൅ ݕଶ ൑ ܴଶ.  (19) 
2. Let us consider the operand plus ሺെሻ in formula (15), i.e. a 
Cartesian oval ݉ࡾ૚ െ ݊ࡾ૛ ൌ ࣭. Then, the left side of equality (17) is 
negative and further squaring is correct if  ࣭ଶ െ ሺ݉ଶ ൅ ݊ଶሻሺݔଶ ൅ ݕଶሻ ൅
2ܿሺ݉ଶ െ ݊ଶሻݔ െ ܿଶሺ݉ଶ ൅ ݊ଶሻ ൑ 0, i.e. for the exterior points of the 
circle 
ቀݔ െ ௖൫௠మି௡మ൯௠మା௡మ ቁ
ଶ
൅ ݕଶ ൒ ܴଶ.  (20) 
      In the first case, the Cartesian oval is in the interior area of the 
circle, while in the second case the Cartesian oval is in the exterior 
area of the circle (Figure 4). In both cases, by squaring equality (17) 
we obtain the following algebraic equation: 
	ሺ݉ଶ െ ݊ଶሻଶݔସ ൅ 2ሺ݉ଶ െ ݊ଶሻݔଶݕଶ ൅ ሺ݉ଶ െ ݊ଶሻଶݕସ                        (21)                     
െ4ܿሺ݉ସ െ ݊ସሻݔଷ െ 4ܿሺ݉ସ െ ݊ସሻݔݕଶ 
൅ሺ2ܿଶሺ3݉ସ ൅ 2݉ଶ݊ଶ ൅ 3݊ଶሻ ൅ 2࣭ଶሺ݉ଶ ൅ ݊ଶሻሻݔଶ 
൅ሺ2ܿଶሺ݊ସ െ 2݉ଶ݊ଶ ൅ ݊ସሻ ൅ 2࣭ଶሺ݉ଶ ൅ ݊ଶሻሻݕଶ 
൅4ܿሺ݉ଶ െ ݊ଶሻሺܵଶ െ ܿଶሺ݉ଶ ൅ ݊ଶሻሻݔ 
൅൫࣭ ൅ ܿሺ݉ ൅ ݊ሻ൯ሺ࣭ ൅ ܿሺ݉ െ ݊ሻሻሺ࣭ ൅ ܿሺെ݉ ൅ ݊ሻሻሺ࣭ ൅ ܿሺെ݉ െ ݊ሻሻ ൌ 0. 
As a special case, if ݉ ൌ ݊, then the Cartesian oval transforms into 
ellipse; while if ݉ ൌ െ݊, then the Cartesian oval transforms into 
hyperbola. 
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Figure 4. Cartesian ovals 
R. Descartes had obtained these ovals during his research related 
to optics, i.e. they resulted as a solution to the problem of searching 
for a curve such that the rays stemming from one point refract on this 
curve and afterwards pass through another given point. Light rays 
stemming from the focus ܨଵ, after refracting in the points of the 
Cartesian oval, meet in the focus ܨଶ. In other words, these ovals share 
two mediums with the refractive index		݊/݉. M. Chasles had further 
studied these ovals, and showed that Cartesian ovals also have the 
third focus, i.e. that the following holds: 
      ݉ࡾ૚ ൅ ݊ࡾ૛ ൌ ࣭,				݉ଵࡾ૚ ൅ ݊ଵࡾ૜	 ൌ ଵ࣭,				݉ଶࡾ૛ ൅ ݊ଶࡾ૜	 ൌ ࣭ଶ. 
By multiplying the first equality by ଵ࣭ and the second one by ࣭ and 
by subtracting he had obtained: 
                                   ߙࡾ૚ ൅ ߚࡾ૛ ൅ ߛࡾ૜ ൌ 0                    (22) 
where ߙ ൌ ݉ ଵ࣭ െ ݉ଵ࣭, ߚ ൌ ݊ ଵ࣭, ߛ ൌ ݊ଵ࣭	߳	Թ. Based on the previous 
equality, one can conclude that Cartesian ovals are loci of points for 
which the sum of distances from three fixed points, previously 
multiplied by some numerical values, is annulled.  
2.3. Trifocal ellipse 
      The standard definition of a trifocal ellipse is given by the 
following equation:   
                                          ࡾ૚ ൅ࡾ૛ ൅ࡾ૜ ൌ ࣭		                      (23) 
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where  ࡾ૚ ൌ ඥሺݔ െ ݌ሻଶ ൅ ݕଶ,  ࡾ૛ ൌ ඥሺݔ െ ݍሻଶ ൅ ݕଶ, and ࡾ૜ ൌ ඥݔଶ ൅ ሺݕ െ ݎሻଶ	 
are Euclidean distances of the point ሺݔ, ݕሻ to three foci ܨଵሺ݌, 0ሻ, ܨଶሺݍ, 0ሻ, 
ܨଷሺ0, ݎሻ, respectively, and for a given parameter ࣭ ൐ 0, (݌, ݍ, ݎ ∈ Թ) [2], 
[6], [7]. The Fermat-Torricelli point determines the minimal value of 
parameter ࣭ ൌ ࣭଴. If 0 ൏ ࣭ ൏ ࣭଴ then a trifocal ellipse does not exist, 
and for ࣭ ൐ ࣭଴ trifocal the ellipse is a non-degenerated egg curve 
(Figure 5). 
 
Figure 5. Trifocal curves 
      The subject of this section are the trifocal ellipses (23). Let there 
be given expressions: 	ܳଵ ൌ ሺݔ െ ݌ሻଶ ൅ ݕଶ,	ܳଶ ൌ ሺݔ െ ݍሻଶ ൅ ݕଶ, ܳଷ ൌ ݔଶ ൅
ሺݕ െ ݎሻଶ  and ࣭ ൌ ܿ݋݊ݏݐ, ࣭ ൐ ࣭଴.	 Let us consider the following algebraic 
transformation of equation (23) ⟺ඥܳ1 ൅ ඥܳ2 ൅ ඥܳ3 ൌ ࣭: 
ඥܳଵ ൅ ඥܳଶ ൌ ࣭ െ ඥܳଷ.    (24) 
The first squaring requires that the condition ࣭ ൒ ඥܳଷ holds, which 
can be reduced to   
ݔଶ ൅ ሺݕ െ ݎሻଶ ൑ ߩଵଶ 	⋀ 	ߩଵ ൌ࣭.    (25) 
For the interior points of the circle (25), by squaring  the equality (24) 
we obtain 
2ඥܳଵඥܳଶ ൅ 2࣭ඥܳଷ ൌ ࣭ଶ ൅ ܳଷ െ	ܳଶ െ ܳଵ.            (26) 
The second squaring requires that the condition ࣭ଶ ൒ 	ܳଵ ൅ ܳଶ െ ܳଷ 
holds, which can be reduced to 
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ሺݔ െ ݌ െ ݍሻଶ ൅ ሺݕ ൅ ݎሻଶ ൑ ߩଶଶ 	⋀ 	ߩଶ ൌඥ࣭ଶ ൅ 2݌ݍ ൅ 2ݎଶ,      (27) 
for ࣭ ൐ 0 such that ࣭ଶ ൅ 2݌ݍ ൅ 2ݎଶ ൐ 0. Then, for the points within the 
intersection of interiors of the circles (25) and (27), by squaring the 
equality (26) we obtain 
8࣭ඥܳଵඥܳଶඥܳଷ ൌ ࣭ସ െ 2࣭ଶܳଷ െ 2࣭ଶܳଶ െ 2࣭ଶܳଵ         (28)	
െ2	ܳଷܳଶ െ 2ܳଷܳଵ െ 2ܳଵܳଶ ൅ ܳଵଶ ൅ ܳଶଶ ൅ ܳଷଶ 
The third squaring requires that the condition ࣭ସ െ 2࣭ଶܳଷ െ 2࣭ଶܳଶ െ
2࣭ଶܳଵ െ 2	ܳଷܳଶ െ 2ܳଷܳଵ െ 2ܳଵܳଶ ൅ ܳଵଶ ൅ ܳଶଶ ൅ ܳଷଶ ൒ 0 holds, which 
can be reduced to 
ߙ ൌ 3ݔସ ൅ 6ݔଶݕଶ ൅ 3ݕସ െ 4ሺ݌ ൅ ݍሻݔଷ െ 4ݎݔଶݕ െ 4ሺ݌ ൅ ݍሻ	ݔݕଶ െ 4ݎݕଷ  (29)	
൅2ሺ3࣭ଶ ൅ ݎଶ െ ݌ଶ ൅ 4݌ݍ െ ݍଶሻݔଶ ൅ 8ݎሺ݌ ൅ ݍሻݔݕ ൅ 2ሺ3࣭ଶ ൅ ݌ଶ ൅ ݍଶ െ ݎଶሻݕଶ	
െ4ሺ݌ ൅ ݍሻሺ࣭ଶ ൅ ݎଶ െ ሺ݌ െ ݍሻଶሻݔ െ 4ݎሺ࣭ଶ ൅ ݌ଶ ൅ ݍଶ െ ݎଶሻݕ	
െ࣭ସ ൅ 2ሺ݌ଶ ൅ ݍଶ ൅ ݎଶሻ࣭ଶ ൅ ሺ݌ ൅ ݍ ൅ ݎሻሺ݌ ൅ ݍ െ ݎሻሺ݌ െ ݍ ൅ ݎሻሺെ݌ ൅ ݍ ൅ ݎሻ ൑ 0  
The previous fourth order curve ߙ ൌ 0 can be written in the following 
form  
ߙ ൌ ݇ሺݔଶ ൅ ݕଶሻଶ ൅ ሺܣݔ ൅ ܤݕሻሺݔଶ ൅ ݕଶሻ  (30)	
	൅ܥݔଶ ൅ ܦݔݕ ൅ ܧݕଶ ൅ ܨݔ ൅ ܩݕ ൅ ܪ ൌ 0 
and it belongs to the family of the curves from [3] (see formula (3.5)). 
Considering the points within the intersection of interiors of the circles 
(25) and (27) with the interior of the curve (29), by squaring the 
equation (28) we finally obtain the eighth order curve: 
64࣭ଶܳଵܳଶܳଷ െ ሺሺ࣭ଶ ൅ ܳଷ െ	ܳଶ െ ܳଵሻଶ െ 4ܳଵܳଶ െ 4࣭ଶܳଷሻଶ ൌ 0     (31) 
which can be explicitly written as   
	64࣭ଶሺሺݔ െ ݌ሻ2 ൅ ݕ2ሻሺሺݔ െ ݍሻ2 ൅ ݕ2ሻሺݔ2 ൅ ሺݕ െ ݎሻ2ሻ     (32)	
െ൫ሺ࣭ଶ ൅ ݔ2 ൅ ሺݕ െ ݎሻ2 െ ሺݔ െ ݍሻ2 	െ ሺݔ െ ݌ሻ2 െ 2ݕ2ሻଶ
െ 4ሺሺݔ െ ݌ሻ2 ൅ ݕ2ሻሺሺݔ െ ݍሻ2 ൅ ݕ2ሻ െ 4࣭ଶሺݔ2 ൅ ሺݕ െ ݎሻ2ሻ൯ଶ ൌ 0 
Let us notice that in the previous derivation we have obtained a 
sequence of conditions that determine the adjacent areas of the two 
interiors of the corresponding circles and the interior of the fourth 
order curve. In the intersection of these three interior areas, we 
extract, step by step, the part of the algebraic curve (32) that contains 
closed contour of a trifocal ellipse (Figure 6).  
      Algebraic equation for a trifocal ellipse is derived by means of the 
elementary algebraic transformations. The obtained equation form 
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coincides with the equation form obtained by using determinants [5] 
and by means of applying Gröbner basis [2]. It should be noted that the 
result in the expanded determinant form of the trifocal ellipse 
representation consists of 2355 sumands [5].  
      In this section, we primarily specify the exact part of the algebraic 
curve that represents a trifocal ellipse, and the part of the curve that 
represents so-called Zarinski closure of the trifocal curve, within the 
context of the algebraic geometry [5].  
 
 
Figure 6. Algebraic curve and areas for extracting the curves 
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3. THE ARCHES OF GENERALIZED WEBER’S CURVES 
      In this section, we consider a generalized Weber’s curve (1). One 
example of such curve is Erdös-Mordell’s curve defined by equality:  
            ݓሺݔ, ݕሻ ൌ ࡾ૚ ൅ ࡾ૛ ൅ ࡾ૜ െ 2࢘૚ െ 2࢘૛ െ 2࢘૜ ൌ 0           (33) 
which has been introduced and studied in [1], [4]. Considered curve 
(Figure 7) consists of six arches of algebraic curves of the eight order 
which can be extracted in similar manner as it was given in the 
previous sections.  
  
Figure 7.  Erdös – Mordell’s curve 
The interior of Erdös-Mordell’s curve is determined with ݓሺݔ, ݕሻ ൑ 0 
and inside of it, the Erdös-Mordell’s inequality holds: 
ࡾ૚ ൅ ࡾ૛ ൅ ࡾ૜ ൒ 2࢘૚ ൅ 2࢘૛ ൅ 2࢘૜.                     (34) 
P. Erdös in 1935. has set the hypothesis that the inequality (34) 
holds in the interior of the triangle ABC (where A, B, C are given foci). 
The hypothesis has been proven in 1937. by L.J. Mordell and D.F. 
Barrow. In the paper [2] the Erdös-Mordell’s inequality has been 
extended from the interior of the triangle to the interior of the Erdös-
Mordell’s curve.  
 12 
      In equality (1), the absolute values appear in the distances 
࢘૚, ࢘૛, ࢘૜. By freeing from the absolute values in some of the regions of 
a plane, the equality (1) is transformed into the following equalities 
ߙଵࡾ૚ ൅ ߙଶࡾ૛ ൅ ߙଷࡾ૜ ൌ ܣ௜ݔ ൅ ܤ௜ݕ ൅ ܥ௜                   (35) 
for corresponding ܣ௜, ܤ௜, ܥ௜ ∈Թ		ሺ݅ ൌ 1. .8ሻ. Using the procedure as in the 
Section 2.3, some of the arches of the generalized Weber’s curve can 
be determined in the intersection of the corresponding areas, 
constrained by the appropriate algebraic curves of the second and 
fourth order. Generalized Weber’s curve consists of arches of algebraic 
curves and these algebraic curves are obtained from (35) with most 
three squaring.  
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